Abstract. Inspired by the peculiarities of the effective geometry of crystalline structures, we reconsider thick brane scenarios from a metric-affine perspective. We show that for a rather general family of theories of gravity, whose Lagrangian is an arbitrary function of the metric and the Ricci tensor, the background and scalar field equations can be written in first-order form, and tensorial perturbations have a non negative definite spectrum, which makes them stable under linear perturbations regardless of the form of the gravity Lagrangian. We find, in particular, that the tensorial zero modes are exactly the same as predicted by Einstein's theory regardless of the scalar field and gravitational Lagrangians.
Introduction
The number of spatial dimensions of our Universe is a key foundational question that has received enormous theoretical and experimental attention in the last decades [1] . Initially inspired by developments in string theories, the idea of braneworlds as fourdimensional hypersurfaces embedded in a higher-dimensional (typically 5−dimensional) bulk space has been explored with exquisite detail in the literature [2, 3] . Among the resulting constructions we find particularly interesting the case of thick branes. This setup consists on a 5D bulk space with a scalar field localized in the fifth dimension and whose energy density is typically concentrated around the point y = 0 of the extra spatial dimension, where the 4D brane resides. The rest of the matter fields are confined on this (thick) hypersurface, with the scalar field somehow acting as the force responsible for their confinement. This provides an interesting framework, where both the fermion mass hierarchy and proton stability can be investigated due to the thickness of the brane; see, e.g., Ref. [4] .
The notion of a higher dimensional space-time is so fundamental that transcends its original motivations and justifies its exploration from different perspectives. We thus find it useful to seek for inspiration in a lower dimensional analogy borrowed from condensed matter systems and interpret braneworld models as a kind of sandwich configuration in a crystal, with a (possibly thick) 2−dimensional distribution of impurities within a 3−dimensional crystalline structure, being the crystal analogous to the bulk and the (thick) layer of impurities the brane. Interestingly, the structure of crystals in the continuum limit admits an effective geometric description [5, 6, 7] . This point is relevant in our discussion of braneworlds because the presence of defects such as interstitials (either impurities or not) or vacancies in crystals requires the use of metric-affine geometry for a consistent description of their effective geometry. Indeed, a direct correspondence between the metric-affine geometry of crystals with point-like defects (interstitials and/or vacancies) and theories of gravity with non-metricity has been recently established [8] . It turns out that the density of point-like defects in a crystal is analogous to the density of energy-momentum in the gravitational context, both being responsible for the existence of non-metricity, a property associated with the affine connection. The confinement of energy-momentum at or around a region, defining in this way the brane, is thus analogous to the concentration of point-like defects on a sandwich layer in a crystal. This analogy, therefore, provides a novel motivation for the study of braneworlds in geometric scenarios with independent metric and affine degrees of freedom. Given that the question of whether the space-time geometry is Riemannian or otherwise must be determined by experiments, rather than by tradition or convention, we believe that the impact that metric-affine geometry could have on the phenomenology of higher-dimensional models of the Universe should be explored in some detail. This is the main motivation for this work.
The dynamical laws governing the higher-dimensional scenario we are about to consider are, in principle, unknown. Nevertheless, it is reasonable to expect them to be close to those of General Relativity (GR). For this reason, and to allow for some degree of generality, we may assume that the gravity Lagrangian is some function of the spacetime metric and the Ricci tensor, F (g αβ , R αβ ), being GR the case F (g αβ , R αβ ) = g αβ R αβ . We will see that, unlike in the (more standard) metric formulation of such theories, the field equations for this type of theories are always second-order and ghost-free, which is an important feature for quantum investigations. This fact allows us to explore in detail the equations governing the evolution of tensorial perturbations on the brane. We find that with an appropriate choice of variables and some standard redefinitions, these equations can be put in a form which is formally identical to that found in the case of GR. Their stability is proved by showing the positive definiteness of the effective Hamiltonian associated to the higher-dimensional modes. This result confirms the robustness of the braneworld scenario against tensorial perturbations for arbitrary gravity Lagrangian of the form F (g αβ , R αβ ) and for arbitrary scalar field dynamics.
Dynamical content
We consider a rather general family of theories of gravity based on the metric and an independent connection (metric-affine or Palatini approach [9] ), with action
where S φ represents the scalar field sector, κ 2 is a constant with suitable dimensions, D is the number of space-time dimensions and g is the determinant of the space-time metric g µν . The connection appears through the Ricci tensor, which is defined as R βν = R α βαν , where
Given that the Riemann tensor is antisymmetric only in its two last indices, it is not a priori guaranteed that for an arbitrary connection Γ α νβ the Ricci tensor has any specific symmetry. For this reason one must bear in mind that there might be an antisymmetric part in R βν . Variation of the above action leads to
where the variation of the Ricci tensor is given by
and
is the torsion tensor. In our metric-affine scenario, the field equations follow from equating to zero the independent variations with respect to the metric and the connection. Given that δR αβ only depends on the connection variation, the metric field equation can be readily extracted from (2), which yields
where the scalar field stress-energy tensor T
δg µν has been included. The connection equation is obtained by inserting (3) into (2) and integrating by parts the first two terms. After elementary manipulations, we find
where W βν ≡ ∂F/∂R βν . At this point one must decide whether to keep the torsion and continue with the analysis of the field equations in full generality or introduce some simplification to consider specific cases of interest. In this sense, the analogy with condensed matter systems tells us that torsion is the representation in the continuum limit of line-like defects such as dislocations and disclinations [6, 7] . If torsion is kept in the field equations, the resulting branes could be seen as entities engendering two or more extra dimensions able to accommodate line-like defects. Since we are focusing on a single extra dimension [2, 10] , we find it appropriate to deal only with the simplest kind of defects, point-like, which are associated with the non-metricity properties of the connection. We leave the consideration of torsional effects for the future, where a natural direction should concern braneworld scenarios endowed with two extra dimensions [11, 12] . In the case of a single extra dimension, the above equation becomes
A particularly interesting solution of this equation concerns W βν being a symmetric tensor, which implies that R βν = R νβ . In that case, as shown below, the connection can be immediately solved as the Christoffel symbols of an auxiliary metric which is related to the space-time metric g µν through a transformation that depends on the stress-energy tensor of the scalar field. To see this explicitly, consider that the Lagrangian F (g αβ , R αβ ) is written in terms of the matrix M µ ν ≡ g µλ R λν and traces of its powers. This type of Lagrangians describe the case of f (R) theories [13] , where R is the trace ofM , f (R, R µν R µν ) theories [14] , where R µν R µν is the trace ofM 2 , Born-Infeld like models [15, 16] , and other theories considered in the literature. Using the matrixM , we find that
where
. In some cases, the symmetry of R µν follows directly from the torsionless condition (see [17] ), though in general it should be seen as an additional simplification, which we assume from now on. Using (7) and the definition ofM to replace R µν by g µλ M λ ν , the metric field equations can be written as
These equations allow to obtainM as an algebraic function of T (φ) µν and g µν . As a result, the term √ −gW βν in (6) does not depend explicitly on the connection, which allows to find a solution for Γ α µν using elementary algebraic manipulations. In fact, the identification
leads to
where |F M | represents the determinant of the (invertible) matrix (F M ) λ ν . This turns the connection equation (6) into the well-known form
which implies that the solution for Γ α µν is given by the Christoffel symbols of the auxiliary metric q αβ . This result also means that R µν = R µν (q). Note that via Eq.(11) the relation between g µν and q µν is purely algebraic and depends only on the scalar field stress-energy tensor.
When
µν is diagonal, the metric g µν can be written in diagonal form and (9) suggests thatM andF M also inherit that structure. One can then write (9) in the more compact form
By raising one index on this equation with g αµ and using (11), we finally get
where L G represents the gravity Lagrangian of the theory under consideration. This Einstein-like representation of the field equations is valid for GR, f (R), and many other theories [13, 14, 15, 16] . It puts forward that q αβ satisfies second-order equations and, given the algebraic relations (11), it follows that the dynamics of g αβ is also secondorder. When T µν to zero, raising one index in Eq.(9) with the metric g αµ , and computing traces of powers of the resulting object. Those traces represent algebraic equations that relate the scalars
λ λ , and so on. With a sufficient number of equations, which depends on the space-time dimension, one concludes that all such scalars in vacuum must be constants. As a result, the matrix M α β must be proportional to the identity matrix, making in this way q µν = αg µν , with α being an (irrelevant) constant. One then readily verifies that Eq. (14) coincides with Einstein's equations in vacuum.
Background equations
We now assume the space-time to be (d + 1)-dimensional, with a single extra dimension, and write the line element for the metric g µν in the form [2] 
being η ab the metric of a d−dimensional space of constant curvature K. In a thick brane scenario, one assumes that a scalar field lives in the extra dimension with most of its energy density confined around the hypersurface y = 0, which defines the (thick) brane [10, 18, 19] . Here the Lagrangian density in the scalar field action,
is supposed to be a function L = L(φ, X), with X ≡ g αβ ∂ α φ∂ β φ. This form allows that the scalar field engenders generalized kinematics, including the case of k-fields [20] . Given that φ = φ(y), one finds that the stress-energy tensor of the scalar field can generically be written as
with the definition L X ≡ dL/dX. As explained above, the diagonal character of T (φ)ν µ induces a diagonal (F M ) µ λ , which allows us to define
with q µν = Ω µ λ g λν , and Ω ± being functions of φ and X. We can thus define an auxiliary line element for q µν of the form
whereã 2 (y) = a 2 (y)Ω + and dỹ 2 = Ω − dy 2 follow immediately from Eq. (17) . Using this to construct R ν α (q), we find that
, where H ≡ãỹ/ã, and K is the (constant) curvature of the d-dimensional brane. Inserting this in (14) , the background equations can thus be written as
A first-order formulation is possible for the case K = 0 if we define a superpotential
. The case K = 0 is more complicated and we put it aside, recalling that it could perhaps follow the lines of [22] . For K = 0 the above equations become
It is easy to see that for the Einstein-Hilbert Lagrangian, L G = R/2κ 2 , the above equations recover the well-known results of GR (in D = d + 1 = 5). In this case, we get Ω ± = 1 and
. For the particular case of a canonical scalar field, L = X+2V , from this last relation we get 2κ
, which is in agreement with the results presented in [18, 19] . In the more general case in which the scalar field Lagrangian can be split into a kinetic part plus a potential term, the first of the above equations can, in principle, be used to isolate V (φ) as a function of φ y and W φ . Inserting the result in the second, we find an (implicit) first-order equation for φ y as a function of W (φ) and W φ . The fact that the scalar field is generically governed by a first-order equation suggests that supersymmetric extensions could exist for this type of theories.
Tensorial perturbations
Using Gaussian normal coordinates, the effect of tensorial perturbations on the line element (15) can be parameterized as
where δg ab = a 2 (y)h ab and δg ay = 0 = δg yy account for the tensorial perturbations. For the auxiliary metric, we must thus have
Since the tensorial perturbations are restricted to the brane modes, any contraction of the form ∂ µ φδg µν will be zero, as can be easily understood from the structure of (22) and the fact that only ∂ y φ is nonzero. As a result, perturbation of (14) leads simply to
where t ab =ã 2 h ab is the only nonzero component of t βν . Using standard covariant perturbation methods, one finds that (16) and Eq. (14), it follows that R µ ν (q) can be written in a diagonal form analogous to (16) and (17). Together with the fact that t µ ν only has non-zero contributions in the brane sector, one can easily verify that 1 2 R µα t α ν + R να t α µ = R µ β t βν . As a result, the equations governing the tensorial perturbations boil down to (we note that similar manipulations can be used to study tensorial peturbations in cosmological backgrounds [23] 
Remarkably, this result is valid for any T (φ)ν µ of the form (16) . With elementary (though lengthy) calculations, we find
where H ≡ãỹ/ã. With these results, (26) becomes
It is customary in the literature to model the brane as a maximally symmetric space of constant curvature K = ±1, 0, in analogy with the properties of our universe at large scales. Following this idealization, we get 
By doing this, (30) takes the final form
is computed using the η ij metric and H ≡ã z /ã. This last equation is formally identical to that given, for instance, in [24] for the case of GR in 4 + 1 dimensions. Assuming that h a b = X(z)ǫ a b (t, x), (32) splits in two equations of the form
where p 2 is a constant. At this point, it is important to note that the ǫ a b (t, x) part of the tensorial modes satisfies an equation which is identical to that found in GR. This equation only depends on the brane coordinates (t, x) and the brane metric η ab but is insensitive to the gravity and matter Lagrangians. The dependence on the extra dimension and on the details of the gravity and matter models manifests itself through the dependence of the function X(z) on the coordinate z, defined via 
It is now immediate to see that the differential operator on the left-hand side of (35) can be written as the product S † S, where S = d dz
H. This decomposition implies that S † S is a non-negative operator, ensuring that p 2 ≥ 0 and guaranteeing stability of the gravity sector. The zero mode arises for p = 0 and can be readily solved using (33) to obtain
where X 0 and C are integration constants. In order to avoid pathologic behaviors as one moves away from the brane, it is necessary to set C → 0, which turns X(z) into a constant. The constancy of X(z) for p = 0 shows that the zero mode of tensorial perturbations is the same for all Palatini theories of the form discussed in this work. This puts forward that the stability of the zero modes observed in the case of GR is a generic prediction insensitive to the details of the scalar field and gravity Lagrangian chosen, thus supporting the robustness of braneworld scenarios against tensorial perturbations.
Summary
In this work we have investigated the background structure and tensorial perturbations for generic braneworld scenarios in (d + 1)-dimensional geometries with a single extra dimension of infinite extent. The family of theories of gravity that we considered is constructed trading the Ricci scalar R = g αβ R αβ with a generic function F (g αβ , R αβ ) and assuming that the metric and affine structures are a priori independent (metricaffine or Palatini formalism [9] ), an aspect motivated by condensed matter systems with defects. Remarkably, this has led to a generic set of ghost-free second-order equations for the background, regardless of the particular form of the gravity Lagrangian. We have shown that by a suitable choice of variables, the scalar field and background equations can be written as a set of first-order equations for the warp factor, H = −W (φ)/(d − 1), and the scalar field once a superpotential function W (φ) is introduced. This property suggests that supersymmetric extensions of these theories might be possible.
We have also shown that the gravity sector in these theories is stable under linear perturbations and develops a zero mode (the graviton) bound to the brane with exactly the same properties as the massless gravitons of GR. Remarkably, these results are robust in the sense that they hold no matter the specific forms of both the gravitational Lagrangian, L G , and scalar field model with generalized kinematics, L(φ, X), chosen. The results presented here can be used to study specific models, such as Born-Infeld gravity and its extensions [15, 16] , as well as other theories considered in recent investigations [25] . We shall further report on this elsewhere.
